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ABSTRACT
In the ontext of generalised geometry we investigate redutions to SU(m)×SU(m) together
with an integrability ondition whih in dimension 6 desribes the geometry of type II
supergravity ompatiations.
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1 Introdution
Generalised geometries were introdued by Hithin in [11℄ and have played an important
rle in string theory ever sine. In a nutshell, we assoiate with a losed 3form H on
Mn (the Hux in physiists' language) a vetor bundle E → M with struture group
SO(n, n). The spae of setions arries a natural braket  the Courant braket. More
importantly for us, E admits a natural spin struture, and H indues an ellipti omplex on
the spinor elds. These an be thought of as even or odd forms with dierential dened by
dHα = dα+H ∧ α. In analogy with lassial geometries desribed by redutions inside the
GL(n)frame bundle and integrability onditions involving the Lie braket or the exterior
dierential, we an onsider redutions inside SO(n, n) and integrability onditions involving
the Courant braket or dH . In partiular, the usual lassial geometries (suh as omplex,
Kähler or G2manifolds) have natural ounterparts in this setting (f. [11℄, [9℄, [20℄).
In this artile we shall be onerned with generalised SU(m)strutures [6℄, i.e. redutions
from R 6=0 × Spin(2m, 2m) to SU(m) × SU(m). While a usual SU(m)struture (i.e. an
almost CalabiYau) an be haraterised by a(n almost) sympleti 2form and a omplex
mform subjet to various ompatibility onditions, generalised SU(m)strutures are har-
aterised by mixed degree omplex forms ρ0 and ρ1 of speial type, together with a saling
funtion, the soalled dilaton. More preisely, a generalised SU(m)struture gives rise to
a spinnable metri g with spinor bundle ∆ and two hiral spinor elds ΨL,R ∈ Γ(∆). Under
the isomorphism Ω∗(M)⊗ C ∼= ∆⊗∆, we get (up to a Beld transform)
ρ0 = e
−φA(ΨL)⊗ΨR, ρ1 = e−φΨL ⊗ΨR,
where A is the onjugatelinear, Spin(2m)equivariant harge onjugation operator. As we
will show, both ρ0 and ρ1 give rise to a(n almost) generalised CalabiYau struture in the
sense of Hithin [11℄. Further, our notion of a generalised SU(m)struture oinides with
Gualtieri's notion of a(n almost) generalised CalabiYau metri [9℄.
Sine we have a natural metri, we an perform Hodge theory for the above mentioned
ellipti omplex. In partiular, the real parts Re(ρk) are harmoni if and only if
dHρ0 = 0, dHρ1 = 0. (1)
In this ase, ρ0,1 dene integrable generalised CalabiYau strutures, while the pair (ρ0, ρ1)
gives an integrable generalised CalabiYau metri. Moreover we show in [15℄ that a gener-
alised SU(m)struture with (1) is equivalent to the geometry of type II ompatiations
to 6 dimensions with vanishing RamondRamond elds. As a onsequene, the under-
lying spinor elds ΨL and ΨR are parallel with respet to the spin onnetions ∇±X =
∇gX ± (XxH/4)·, where ∇g denotes the LeviCivita onnetion. This type of spinor eld
equations, however, implies H = 0 for M ompat, so that the holonomy of the metri
must be ontained in SU(m). This stands in striking ontrast to generalised Kähler mani-
folds
(
whose struture group is U(m)×U(m)) for whih genuinely generalised examples do
exist [2℄, [13℄.
We therefore onsider the general ansatz
dHρ0 = F0, dHρ1 = F1 (2)
for (omplex valued) forms of mixed degree F0,1. Equations of this type also our in
generalised alibration theory, where alibration forms satisfying (2) give rise to alibrated
submanifolds minimising the so-alled WessZumino term of the Dbrane energy [6℄. If F0,1
are of speial algebrai type, then the underlying spinor elds satisfy
∇+XΨL = eφ
(
aLF0 ·X ·ΨR + bLF1 ·X · A(ΨR)
)
∇−XΨR = eφ
(
aRF̂0 ·X ·ΨL + bRF̂1 ·X · A(ΨL)
)
,
where ·̂ is a signtwisting operator on forms and aL,R and bL,R are onstants depending
on m. We refer to these F0,1 of speial type as RamondRamond elds, sine a generalised
SU(3)struture with (2) for F0,1 either real or purely imaginary aounts for the Ramond
Ramond elds in type II ompatiations. Note that similar statements have been asserted
in the physis literature by Graña et al. [7℄, [8℄, though their ndings in [8℄ seem to on-
tradit the speial ase onsidered in [7℄. Simple, but ompat examples are provided by
ordinary SU(3)strutures of type W±2 or W3, f. [3℄. From a mathematial point of view,
the ondition (2) an be interpreted as the EulerLagrange equation of the a onstrained
variational problem if the RamondRamond elds are dHexat (as required by physis).
Finally, a omment on onventions. In this artile, we refer to any redution of the struture
group to a subgroup G as a Gstruture. This is purely topologial and does not imply
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any sort of integrability. For instane, in our jargon a omplex struture on M2m is simply
an almost omplex manifold in the sense that the struture group redues to GL(m,C).
Though we sometimes use the additional qualier almost we usually omit it for sake of
simpliity. Bearing this aveat in mind, no onfusion should appear.
The paper is organised as follows. In Setion 2 we briey reall the setup of generalised ge-
ometry following [11℄, [12℄ and [6℄. In Setion 3, we explain the redution mehanism whih
leads to generalised SU(m)strutures and onsider the relation with generalised CalabiYau
strutures and metris. We interlude in Setion 4 and disuss supergravity ompatia-
tions to 6 dimensions and the rle played by the RamondRamond elds. We generalise
the resulting integrability ondition to any generalised SU(m)struture in Setion 5. We
analyse this ondition from a Hodge theoreti point of view and translate it to the setting
of generalised geometry.
2 Generalised geometries
2.1 The group SO(n,n)
We briey reall the algebrai setup of generalised geometry as introdued by Hithin [11℄.
Let (Rn,n, g) or simply Rn,n denote the vetor representation of O(n, n) with invariant inner
produt g. Beause of split signature, we an always hoose a deomposition Rn,n = W⊕W ′
into two maximally isotropi subspaes W and W ′, i.e. g|W,W ′ ≡ 0 and dimW,W ′ = n.
Identifying the isotropi omplement W ′ with W ∗, we obtain an isometry (Rn,n, g) ∼=
(
W ⊕
W ∗, (· , ·)) with (w, ξ) = ξ(w)/2 for w ∈ W and ξ ∈ W ∗. Moreover, this indues a anoni
orientation on Rn,n, so that we an think of W ⊕W ∗ as an SO(n, n)representation spae.
Note that the hoie of W gives rise to the subgroup GL(W ) ∼= GL(n) ⊂ O(n, n), as for
A ∈ GL(d), (Aw,A∗ξ) = (w, ξ). The two onneted omponents of GL(n) single out the
two onneted omponents of O(n, n) whih make up the group SO(n, n). Furthermore, an
orientation on W gives rise to a spae and timelike orientation whih is preserved by the
identity omponent SO(n, n)+.
The Lie algebra of SO(n, n)+ is, regarded as being ated on by the subgroup GL(n)+, the
diret sum of the irreduible piees
so(n, n) ∼= Λ2(W ⊕W ∗) = Λ2W ⊕W ⊗W ∗ ⊕ Λ2W ∗. (3)
The subspae W ⊗ W ∗ = gl(n) is just the Lie algebra of GL(n)+ whih shows that the
inlusion of GL(n)+ into SO(n, n)+ lifts to an inlusion of GL(n)+ into Spin(n, n)+. The
spin representations S± of Spin(n, n) an be anonially onstruted from the hoie of W .
We dene for X ⊕ ξ ∈W ⊕W ∗ an ation on ρ ∈ Λ∗W ∗ by
(X ⊕ ξ) • ρ = −Xxρ+ ξ ∧ ρ.
It is immediate from the denition that this squares to minus the identity on unit vetors,
so Cli(W ⊕W ) ∼= End(Λ∗W ∗) ∼= Cli(n, n). Moreover, the ation of Cli(n, n)ev preserves
the parity of elements in Λ∗, i.e. even or odd forms are again mapped to even or odd
forms. Therefore, S± = Λ
ev,odW ∗ are the two irreduible spin representations of Spin(n, n).
As a GL(n)+module, we nd A • ρ =
√
detA · A∗ρ, where A∗ρ is the standard ation
of A ∈ GL(n)+ on ρ ∈ Λev,odW ∗. Hene, there is a GL(n)+equivariant isomorphism
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S±
∼=→ Λev,odW ∗ ⊗√ΛnW . The hoie of an nvetor ν allows us to safely identify spinors
with forms. We shall write this isomorphism as ρ 7→ ρν . Note that ν1 = e2φν0 implies
ρν1 = e−φρν0 . Next let [ · ]n denote projetion on the top degree omponent of α ∈ Λ∗W ∗,
and ·̂ the signhanging operator dened on forms of degree p by
α̂p = (−1)p(p+1)/2αp.
A Spin(n, n)+invariant inner produt on Γ(S) is given by 〈ρ, τ〉 = ν
(
[ρν ∧ τ̂ν ]n) ∈ R
(learly, this does not dependent on the hoie of ν).
A part from the GL(n)+ation, a further lass of transformations deserves speial interest,
namely the soalled Beld transformations. As we also see from (3), any 2form B =∑
Bklw
k ∧wl ∈ Λ2W ∗ an be regarded as an element in so(n, n). It therefore ats through
exponentiation as an element of both Spin(n, n)+ and SO(n, n)+. Expliitly, we map B
into Cli(n, n) via B 7→∑klBklwk • wl, so it ats on spinors by
eB • ρ = (1 +B + 1
2
B •B + . . .) • ρ = (1 +B + 1
2
B ∧B + . . .) ∧ ρ = eB ∧ ρ.
On the other hand, B beomes a skewsymmetri linear operator W → W ∗ as an element
of Λ2(W ⊕W ∗). Under the identiation ζ ∧ ξ(X) = (ζ,X)ξ − (ξ,X)ζ = Xx(ζ ∧ ξ)/2, we
obtain
eBSO(n,n)(X ⊕ ξ) =
(
1 0
B/2 1
)(
X
ξ
)
on W ⊕W ∗, where B(X) = XxB.
2.2 The generalised tangent bundle
Next, we onsider the global situation (f. [6℄ and [12℄ for details).
Consider a triple (M,ν,H) onsisting of an orientable manifoldM of dimension n, a nowhere
vanishing nvetor eld ν
(
i.e. a setion ν ∈ Γ(ΛnTM)) and a losed 3form H (the Hux
in physiists' terminology). Choose a onvex over of oordinate neighbourhoods {Ua} ofM ,
whose indued transition funtions of the tangent bundle are sab : Uab = Ua∩Ub → GL(n)+.
Loally, H|Ua = dB
(a)
for some B(a) ∈ Ω2(Ua). Then we an dene the losed 2forms
β(ab) = B
(a)
|Uab
−B(b)|Uab ∈ Ω
2(Uab). We twist the transition funtions
Sab =
(
sab 0
0 (s−1ab )
tr
)
∈ GL(n)+ ⊂ SO(n, n)+
of TM ⊕ T ∗M to get new transition funtions σab = Sab ◦ e2β(ab) : Uab → SO(n, n)+. These
give rise to the generalised tangent bundle
E = E(H) =
∏
Ua × (Rn ⊕ Rn∗)/ ∼σab ,
whih we an view as an extension of T ∗M by TM . As suh it is isomorphi, as a C∞vetor
bundle, to TM ⊕ T ∗M . In partiular, we an identify any setion X ⊕ ξ ∈ Γ(TM ⊕ T ∗M),
loally given by Xa ⊕ ξa, with the setion of E loally given by e2B
(a)
a (Xa ⊕ ξa) = Xa ⊕
B
(a)
a (Xa) + ξa.
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The importane of the Held appears when we disuss the natural ellipti omplex on
spinor elds assoiated with E. A anoni spin struture is speied by the transition
funtions σ˜ab = S˜ab • eβ
(ab)
b
, where S˜ab ∈ GL(n)+ ⊂ Spin(n, n)+ denotes the lift of Sab and
β(ab) is exponentiated to Spin(n, n)+. The hiral spinor bundles assoiated with E are
S± = S(E)± =
∐
a
Ua × S±/ ∼eσab , S = S(E)± = S+ ⊕ S−.
An Espinor eld ρ is thus represented by a olletion of smooth maps ρa : Ua → S±
with ρa = σ˜ab • ρb. Fix a trivialisation ν0 of ΛnRn so that ν|Ua = νa = λ−2a ν0 ∈ ΛnRn
with λ−2a ∈ C∞(M). The map ρa 7→ e−B
(a)
a ∧ λa · ρa glues to a welldened isomorphism
ρ ∈ Γ(S±) → ρν ∈ Ωev,od(M) with
(
(X ⊕ ξ) • ρ)ν = −Xxρν + ξ ∧ ρν . In the same
vein, the Spin(n, n)+invariant form 〈· , ·〉 indues on Γ(S) a globally dened inner produt
〈ρ, τ〉 = ν([ρν ∧ τ̂ν ]n).
The hoie of ν gives also rise to the dierential operator
dν : Γ
(
S±
)→ Γ(S∓), (dνρ)a = λ−1a · da(λa · ρa),
where da is the usual dierential applied to forms Ua → Λ∗Rn∗, i.e. (dα)a = daαa. Then
(dνρ)
ν = dHρ
ν
where dH ats on even or odd forms via
dHα = dα+H ∧ α.
Sine dH is just the ordinary exterior dierential d up to the 0order term H∧, dH (and thus
dν) denes an ellipti omplex on Ω
∗(M) = Ωev(M)⊕Ωod(M) whih omputes the soalled
twisted ohomology of M . Up to isomorphism, the ohomology groups Hev,od(M,H) only
depend on [H]. We denote by H±(E) the orresponding ohomology indued by dν (whih
up to natural isomorphism does not depend on ν).
2.3 Generalised Riemannian metris
Denition 2.1 A generalised (Riemannian) metri for the generalised tangent bundle E is
the hoie of a maximally positive denite subbundle V+.
The hoie of V+ is omplemented by a maximally negative denite subbundle V− so that
in terms of struture groups, a generalised metri orresponds to the redution of SO(n, n)+
to SO(V+)× SO(V−) ∼= SO(n, 0)× SO(0, n). A generalised metri is thus equivalent to a
splitting of the exat sequene 0 → T ∗M → E → TM → 0. We denote by X± the lift of
vetor elds X ∈ Γ(TM) to setions in Γ(V±). Loally, X± orresponds to smooth maps
X±a : Ua → Rn ⊕ Rn∗ with X±a = σab(X±b ), and X±a = Xa ⊕ P±a Xa for linear isomorphisms
P±a : R
n → Rn∗. The symmetri parts of the isomorphisms P+a path together to give a
globally dened Riemannian metri (using the lifts X− yields the same metri). The skew
symmetri parts yield a globally dened 2form B. Passing to E(H + dB) if neessary, we
may assume that B = 0. Hene a generalised metri on M boils down to a pair (H, g).
Further, we have the anonial Riemannian nvetor νg. We shall simply write ρ for ρ
νg
if
there is no danger of onfusion.
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A generalised metri indues also further struture on spinor elds [6℄. SineM is orientable,
so is V±. Hene, we obtain a Riemannian volume element ̟V− on eah bre. Let
α˜ = (−1)pα
for α ∈ Ωp(M). Reast in terms of forms, the ation of the operator G˜ = ̟V −• on S(E) is
(G˜ρ)ν =
{
n even: ⋆g ρ̂ν
n odd: ⋆g
̂˜ρν =: G˜ρν ,
where ⋆g denotes the Hodge operator assoiated with the metri. We have the identities
G˜2 = (−1)n(n+1)/2Id and 〈G˜ρ, τ〉 = (−1)n(n+1)/2〈ρ, G˜τ〉.
In partiular, G˜ is an isometry for 〈· , ·〉 and denes a omplex struture on S if n ≡ 1, 2mod 4.
Finally, we dene the bilinear form (with [n/2] = m for n = 2m, 2m+ 1)
Q±(ρ, τ) = ±(−1)m〈ρ, G˜τ〉 = g(ρ, τ) on S±, m = [n
2
].
If in addition M is spinnable, the presene of a generalised metri also implies a useful
desription of the omplexied spinor modules S± ⊗ C. Let ∆n = ∆ be the Spin(n) =
Spin(n, 0)module of (Dira) spinors. It is irreduible for n odd, while for n even ∆n =
∆+⊕∆−, where ∆± are the irreduible representation spaes of hiral spinors. As a omplex
vetor spae, ∆n ∼= C2[n/2] . Further, ∆n arries an hermitian inner produt q (whih we
take to be onjugatelinear in the rst argument) for whih q(a · Ψ,Φ) = q(Ψ, â · Φ), a ∈
Cli(TM ⊗ C, gC). There exists a onjugatelinear, Spin(n)equivariant endomorphism A
of ∆n (the harge onjugation operator in physiists' language) suh that [19℄
A(X ·Ψ) = (−1)m+1X · A(Ψ) and A2 = (−1)m(m+1)/2Id, m = [n
2
]. (4)
The operator A preserves hirality if and only if n = 2m withm even. The Spin(n)invariant
bilinear form A(Ψ,Φ) = q(A(Ψ),Φ) satises
A(Ψ,Φ) = (−1)m(m+1)/2A(Φ,Ψ) and A(X ·Ψ,Φ) = (−1)mA(Ψ,X · Φ), m = [n
2
].
We an embed the tensor produt ∆n ⊗∆n into Λ∗Cn by sending ΨL ⊗ΨR to the form of
mixed degree
[ΨL ⊗ΨR](X1, . . . ,Xn) = A
(
ΨL, (X1 ∧ . . . ∧Xn) ·ΨR
)
.
In fat, this is an isomorphism for n even. In the odd ase, we obtain an isomorphism by
onatenating [· , ·] with projetion on even or odd forms, whih we write as [· , ·]ev,od. Sine
this map is Spin(n)equivariant, it aquires global meaning over M , and we use the same
symbol for the resulting map Γ(∆⊗∆)→ Ωev,od(M) (referred to as the erzing map in the
physis' literature). Let
[· , ·]G ev,od : Γ(∆⊗∆) [·,· ]
ev,od
−→ Ωev,od(M)⊗ C νg−→ Γ(S± ⊗ C).
Cliord ation on ∆ and S± relate via
[X ·ΨL ⊗ΨR]G = (−1)n(n−1)/2X+ • [ΨL ⊗ΨR]G
[ΨL ⊗ Y ·ΨR]G = −Y − • ˜[ΨL ⊗ΨR]G .
(5)
6
As a1 · . . . · a2l ∈ Spin(0, n) ats on Ψ ∈ ∆n via (−1)la1 · . . . · a2l · Ψ, the map [· , ·]G ev,od is
Spin(n, 0)× Spin(0, n)equivariant.
Finally, we shall make the following observations for later use. Let m̂ = (−1)m(m+1)/2 and
m∨ = (−1)m(m−1)/2 . The Riemannian volume form ̟g ats on spinor elds
̟g ·Ψ± = ±m̂imΨ±
̟g ·Ψ = m̂im+1Ψ
, m = [
n
2
],
where Ψ± ∈ Γ(∆±) are hiral. Sine ⋆gα ·Ψ = α̂ ·̟g ·Ψ for any form α, it follows that
G˜[Ψ⊗ Φ±]G = ±m∨im[Ψ⊗ Φ±]G
G˜[Ψ⊗ Φ]G = m∨im+1 ˜[Ψ ⊗ Φ]G
, m = [
n
2
]. (6)
3 Twisted CalabiYau strutures
3.1 Classial SU(m)strutures
In terms of struture groups, a usual CalabiYau struture on M2m is equivalent to a
redution to SU(m) ating in its standard vetor representation. We therefore also speak
of an SU(m)struture. Let us rst review this redution mehanism starting from the
frame bundle assoiated with GL(2m). The redution is ahieved by an invariant (almost)
sympleti form ω ∈ Ω2(M) and a omplex mform Ω ∈ Ωm(M) ⊗ C, whih are subjet
to various ompatibility onditions [10℄. In partiular, Ω gives rise to an almost omplex
struture J induing a Kähler metri g. This metri admits a anonial spin struture, for
we an lift the standard embedding SU(m) →֒ SO(2m) to Spin(2m) as SU(m) is simply
onneted.
Next we desribe the redution from Spin(2m) to this lift (f. for instane Chapter IV.9
in [16℄). Reall that a spinor Ψ ∈ ∆ is said to be pure if the annihilator WΨ = {z ∈ C2m =
R2m ⊗ C | z · Ψ = 0} is maximally isotropi with respet to the omplexlinear extension
of the inner produt on R2m. Pure spinors are neessarily hiral, and we obtain a omplex
struture orresponding to the deomposition R2m ⊗ C = Wψ ⊗Wψ. In fat, there is an
Spin(2m)equivariant orrespondene between lines of pure spinors and omplex strutures
on R2m. Furthermore, the orbit of pure spinors is isomorphi with R 6=0×Spin(2m)/SU(m),
where R 6=0 ats on ∆± by resaling. Hene an SU(m)struture on M
2m
gives rise to a
pure spinor eld whih we take to be of unit norm. Conversely, any global pure spinor eld
indues an SU(m)struture onM . We reover the sympleti form from the metri and the
indued (almost) omplex struture, while the omplex volume form is obtained by squaring
the normalised spinor eld, i.e. [Ψ⊗Ψ]/ ‖Ψ‖2= Ω.
3.2 Generalised CalabiYau struture
In general, squaring a pure spinor eld trivialises the anonial line bundle of the indued
omplex struture, that is, we have an SL(m,C)struture. Following [11℄, these strutures
generalise as follows.
Denition 3.1 A(n) (almost) generalised omplex struture on (M2m,H) is given by an
isometry J ∈ End (E) suh that J 2 = −Id.
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Put dierently, a generalised omplex struture is an orthogonal splitting E⊗C = W⊕W
into isotropi omplex vetor subbundles W and W. In terms of struture groups, this is
equivalent to a redution from SO(2m, 2m) to U(m,m). Furthermore, W determines the
assoiated line bundle KJ of pure spinor elds in either S+ ⊗ C or S− ⊗C.
Denition 3.2 A(n) (almost) generalised CalabiYau struture on (M,H) is dened by a
pure spinor eld ρ ∈ Γ(S± ⊗ C) with 〈ρ, ρ〉 6= 0.
Remark: The ondition 〈ρ, ρ〉 6= 0 ensures that Wρ denes a generalised omplex struture.
Sine KJ ⊗KJ ∼= Λ2mW∗ρ for orientable M , ρ indues a further redution from U(m,m)
to SU(m,m) (see [11℄ for details).
Example: Consider a lassial CalabiYau struture (M,ω,Ω) whose omplex struture is
given by J . We dene the spinor elds ρ0 = m̂ exp(−iω) and ρ1 = Ω, where the sign of ρ0 is
put for onveniene and has no intrinsi meaning. Then ρ0 and ρ1 trivialise KJω and KJJ
orresponding to
Jω =
(
0 ω−1
ω 0
)
and JΩ =
( −J 0
0 J∗
)
.
Further, the ompatibility ondition Ω ∧Ω = m∨imωm is reeted in the relation
m̂
m!
2m
〈ρ0, ρ0〉 = 〈ρ1, ρ1〉 6= 0. (7)
In order to generalise SU(m)strutures we need an appropriate notion of a generalised
Kähler metri. The following denitions are due to Gualtieri [9℄.
Denition 3.3 (i) A(n) (almost) generalised Kähler struture on (M2m,H) is dened by
a pair of generalised omplex strutures (J0,J1) suh that
• J0J1 = J1J0
• G = −J0J1 denes a generalised metri.
In terms of struture groups, this orresponds to a redution from SO(2m, 2m) to U(m) ×
U(m).
(ii) A generalised CalabiYau metri on (M,H) onsists of ρ0 ∈ Γ(S+), ρ1 ∈ Γ(S(−1)m)
suh that
• both ρ0 and ρ1 indue a generalised CalabiYau struture with
c〈ρ0, ρ0〉 = 〈ρ1, ρ1〉 (8)
for some onstant c.
• the indued generalised omplex strutures (M,Jρ0 ,Jρ1) dene a generalised Kähler
struture.
Example: Taking up our previous example, we see that
G = −JΩJω = −JωJΩ =
(
0 g−1
g 0
)
.
Hene, any SU(m)struture denes a generalised CalabiYau metri on M2m.
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3.3 Generalised SU(m)strutures
Generalised CalabiYau metris are dened by a saleinvariant ondition. In terms of
struture groups of E, they turn out to be equivalent to the following struture:
Denition 3.4 (f. [6℄) A generalised SU(m)struture on (M2m,H) is a redution to
SU(m) × SU(m) →֒ R 6=0 × Spin(2m, 2m), where the inlusion of SU(m) × SU(m) into
Spin(2m, 2m) lifts the inlusion SU(m)×SU(m) →֒ SO(2m)×SO(2m) given by the stan-
dard vetor representation.
Lemma 3.5 A generalised SU(m)struture is haraterised by either set of data:
• a metri g, a 2form B, a funtion φ and two pure spinor elds ΨL,R ∈ Γ(∆+) of unit
norm.
• an nvetor eld ν and a pair of SU(m)×SU(m)invariant spinor elds ρ0 ∈ Γ(S+⊗
C), ρ1 ∈ Γ(S(−1)m ⊗ C).
If we let ν = e2φνg, then
ρν0 = e
−φeB ∧ [A(ΨL)⊗ΨR], ρν1 = e−φeB ∧ [ΨL ⊗ΨR]
for suitably hosen ΨL and ΨR.
Remark: For a given generalised SU(m)struture we usually inorporate the indued B
eld into the Hux as we already did for generalised metris (f. Setion 2.3). For reasons
beoming learer in Setion 4, we refer to φ as the dilaton.
Let us briey outline the argument from [6℄ whih is similar to the ase of generalised G2
strutures [21℄: Sine the projetion of SU(m)×SU(m) down to SO(m,m) sits inside some
SO(2m) × SO(2m) ∼= SO(V+) × SO(V−), a generalised SU(m)struture singles out a
generalised metri (M,H, g). Moreover, the struture groups SO(V±) ∼= SO(2m) of the
vetor bundles V± redue to SU(m). Sine these are isomorphi with the tangent bundle,
the latter is assoiated with two global SU(m)strutures inside the underlying SO(2m)
struture, giving rise to the orresponding pure spinor elds ΨL,R. By equivariane of the
mapping [· , ·]eG , the Espinor elds dened by ρ0 = [A(ΨL) ⊗ ΨR]eG and ρ1 = [ΨL ⊗ ΨR]eG
are SU(m)× SU(m)invariant. Furthermore, any suh pair (ρ0, ρ1) is of this form.
Example: Consider an SU(m)struture (M,g,Ψ) given by a pure spinor eld Ψ of unit
norm. By the lemma, it denes a generalised SU(m)struture with B = 0, φ = 0 and
ΨL = Ψ = ΨR, or equivalently
ρ0 = [A(Ψ)⊗Ψ] = m̂e−iω, ρ1 = [Ψ⊗Ψ] = Ω.
Remark: In general, the two SU(m)strutures do not redue to a ommon subgroup
as in the previous example (where they are equal). If they do, the indued generalised
SU(m)struture will be referred to as straight. For instane, onsider a Riemannian spin
manifold (M6, g) of dimension 6 with two pure orthogonal spinor elds ΨL and ΨR (in fat,
in dimension 6 any nonzero spinor is pure). Then the assoiated SU(m)strutures redue
to SU(2) (the stabiliser of a pair of orthogonal spinors).
Proposition 3.6 A generalised CalabiYau metri is equivalent to a generalised SU(m)
struture.
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Proof: Let us start with a CalabiYau metri (ρ0, ρ1). The dilaton aounts for resaling
so we assume the spinor elds to be normalised. Denote by J0 and J1 the indued endo-
morphisms of E. Sine these ommute, the deomposition E ⊗ C = W0 ⊕W0 is stable
under J1. Therefore, restriting J1 to W0 deomposes this spae into ±ieigenspaes W±0 .
As a result, E ⊗ C = W+0 ⊕W−0 ⊕W
+
0 ⊕W−0 . Moreover, sine the generalised metri
satises G = −J0J1, we obtain an orthogonal deomposition of the denite eigenbundles
V± ⊗ C = W±0 ⊕W
±
0 . Hene, V
±
arry a U(m)struture whose anonial line bundles
are κ± = Λ
mW±∗0 . On the other hand,
K2J0
∼= Λ2mW∗0 = Λ2m(W+0 ⊕W−0 )∗ ∼= ΛmW+∗0 ⊗ ΛmW−∗0 = κ+ ⊗ κ−.
Sine J1 = GJ0 ats on W+0 ⊕W
−
0 as i · Id, we dedue that
K2J1
∼= Λ2mW∗1 = Λ2m(W+0 ⊕W
−
0 )
∗ ∼= κ+ ⊗ κ−.
Sine ρ0 and ρ1 trivialise KJ0 and KJ1 respetively, κ+
∼= κ− ∼= κ− so that κ+ and κ− are
trivial. Furthermore, (8) implies that the normalised trivialisations ρk indue onstant length
trivialisations of κ±, that is, the struture group of V
±
redues to SU(m). Conversely, take
an SU(m)×SU(m)invariant pair (ρ0, ρ1). The inlusion SU(m)×SU(m) ⊂ U(m)×U(m)
indues a generalised Kähler struture (J0,J1) suh that the orresponding spaes W0 and
W1 of (1, 0)vetors are the annihilators of ρ0 and ρ1. Finally, (8) follows from (7), (5) and
the Spin(2m, 2m)invariane of 〈· , ·〉. 
4 RamondRamond elds
In this setion we derive the geometri setup whih governs supergravity ompatiations
to a 6dimensional spae, starting from the 10dimensional supersymmetry variations. This
involves two kinds of elds, namely the NS-NS (NeveuShwarz) and R-R (Ramond
Ramond) elds. The NS-NSelds dene a generalised SU(3)struture, while the R-R
elds give rise to ertain spinor eld equations. Before we deal with the mathematial
aspets we briey sketh the ontent of type II theories, following [5℄, [14℄, [18℄, [22℄.
4.1 Type II theory
Strings are 1dimensional objets and therefore ome in two avours  they are open or
losed if the parametrising intervall is of the form [a, b] ⊂ R or S1. As strings evolve in an
ndimensional spae-time N1,n−1, they sweep out a 2dimensional surfae, the worldsheet
Σ. Instead of thinking of Σ as an embedded surfae, one an interpret the embedding as
a bosoni eld, i.e. a map XΣ : Σ → N1,n−1. Moreover, we also have two fermioni elds,
the soalled left and right mover ψL, ψR ∈ Γ(∆ΣL,R ⊗ TN|Σ), where ∆ΣL,R are spin bundles
assoiated with some spin struture on Σ (whih do not neessarily oinide). We an use
these elds to dene an ation funtional whih determines the physial theory. After an
appropriate quantisation proess, it turns out that for a onsistent theory the spaetime
needs to be of dimension 10. A key requirement for this ation is its invariane under su-
persymmetry transformations. These map the bosoni eld ontent, whih in mathematial
terms we an think of as elements in a Spin(1, 9)vetor representation, in a 1-1fashion
onto the fermioni eld ontent, that is, elements in a Spin(1, 9)spinor representation. The
amount of supersymmetry one requires to be preserved depends on the theory. For the mo-
ment, we know ve onsistent superstring theories, namely type I, type IIA, type IIB, and
two heteroti theories. They are non-trivially related to eah other through duality maps.
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In this artile we shall onsider type II theories. Both types are dened by a losed string.
In this ase, Σ is dieomorphi to the ylinder S1 × R on whih we introdue the omplex
oordinate w = σ1 + iσ2. Apart from the trivial spin bundle on Σ, whose setions are
haraterised by the Ramond gluing ondition
Ramond (R) : ψL,R(w + 2πσ1) = ψL,R(w),
there exists a nontrivial bundle with the NeveuShwarz ondition
NeveuShwarz (NS) : ψL,R(w + 2πσ1) = −ψL,R(w).
After quantisation the left and right movers beome operators over Hilbert spaes whih
we aordingly label by NS and R. For these Hilbert spaes one an onstrut a disrete
spetrum of states and a mass operator whose eigenvalues assign a mass to eah of these
states.
For a meaningful theory we need a vauum state, that is a massless ground state. This makes
perfet sense from a phenomenologial point of view, as the next level of the mass spetrum
has Plank mass. However, partiles of our real world are far too light and should be
rather onsidered as perturbations of the vauum state. For the ation of the zero modes,
i.e. the operators preserving the massless ground states, a areful analysis shows that the
NSground states are nondegenerate and an be represented by a vetor, while the zero
modes ating on the (degenerated) Rground states satisfy the Cliord algebra relations,
reeting the fat that Rground states an be represented by a spinor. We single out the
physially relevant part of the spetrum by a soalled GSOprojetion. For this we need
to introdue the fermion operator whih labels every state with + or −. The ombination
NS, however, is ruled out as the mass squared of these states is negative.
In type II theories the various partiles belong to setors whih are dened by the ordered
pair of the zero mode ground states. For instane, the (NS+, R+)setor indiates that the
left moving ground state is NS+ while the right moving ground state is R+. To formulate
the type II theories onsistently we need to impose three seletion rules, for instane modular
invariane at 1-loop. For type IIA and IIB this fores the vaua to lie in the setors
IIA: (NS+, NS+)⊕ (R+, NS+)⊕ (NS+, R−)⊕ (R+, R−)
IIB: (NS+, NS+)⊕ (R+, NS+)⊕ (NS+, R+)⊕ (R+, R+).
The eetive dynamial degrees of freedom for the left and right mover are enapsulated
in the normal bundle of the worldsheet in TN . Consequently, the internal symmetry
group for the degrees of freedom of the NS and Rstates is SO(8) and Spin(8). By the
triality priniple we an assoiate the vetor representation 8
V
with NS+ and the two spin
representations of positive and negative hirality, 8 and 8′, with R+ and R respetively (in
the sequel, we shall drop the label ± for sake of simpliity). The physial elds are then
aounted for by elements in the irreduible omponents of the tensor produt assoiated
with a given pair. For instane, the NS-NSsetor is represented by 8
V
⊗8
V
and is therefore
bosoni. It an be deomposed into the trivial representation 1, the 2forms Λ28V and
the symmetri 2tensors
⊙2
8V. These modules ontain the utuations (i.e. rstorder
deformations) of a dilaton eld φ ∈ C∞(N), a B-eld B ∈ Ω2(N) and a metri g ∈⊙2(N)
dened on the spaetime N . The seond bosoni setor is the R-Rsetor. Here, the
elements of the irreduible omponents indue the soalled RamondRamond potentials.
For type IIA one obtains C1 ∈ Ω1(N) and C3 ∈ Ω3(N), while for type IIB we have C0 ∈
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Ω0(N), C2 ∈ Ω2(N) and the selfdual 4form C4+ ∈ Ω4+(N). In the fermioni setors R-NS
and R-NS we nd the gravitino ΨX (whih is of spin 3/2, X denoting the vetor index) and
the dilatino λ (of spin 1/2). The full desription is given in Table 1. The subsript of the
gravitino distinguishes with whih mover the Rsetor is assoiated; L denotes the left
and R the right mover.
setor representation bosons/fermions dim
(NS+, NS+) 8
V
⊗ 8
V
= 1⊕ Λ28V ⊕
⊙2
8V φ⊕B ⊕ g bosoni 1 + 28 + 35
(R+, NS+) 8⊗ 8
V
= 8′ ⊕ Λ38′ λ+ ⊕ΨX,L fermioni 8 + 56
(R−, NS+) 8′ ⊗ 8
V
= 8⊕ Λ38 λ+ ⊕ΨX,L fermioni 8 + 56
(NS+, R+) 8
V
⊗ 8 = 8′ ⊕ Λ38′ λ− ⊕ΨX,R fermioni 8 + 56
(NS+, R−) 8
V
⊗ 8′ = 8⊕ Λ38 λ− ⊕ΨX,R fermioni 8 + 56
(R+, R+) 8⊗ 8 = 1⊕ Λ28V ⊕ Λ4+8V C0 ⊕ C2 ⊕ C4+ bosoni 1 + 28 + 35
(R+, R−) 8⊗ 8′ = 8V ⊕ Λ38V C1 ⊕ C3 bosoni 8 + 56
Table 1: The various setors appearing in type II theories
By onsidering only massless states and passing to the low energy limit of superstring the-
ory, we eetively enter the realm of supergravity dened on a tendimensional Lorentzian
spaetime (N, g1,9). Here, spaetime supersymmetry an be ahieved by introduing a
globally welldened supersymmetry parameter. This parameter is nonphysial in as far it
is introdued for mathematial onveniene only. For type II theories, ε is built out of two
spaetime spinors ε1,2, whene the name type II. These are of opposite hirality for type
IIA and of equal hirality for type IIB. For the supergravity ation to be invariant under
the supersymmetry transformation indued by (ε1, ε2), the supersymmetry variations of the
bosoni and fermioni elds have to vanish. It turns out that the supersymmetry variations
of the bosoni elds depend only on (ε1, ε2) and the physial fermions (the gravitino and
the dilatino). Conversely, the variations of the fermioni elds depend only on (ε1, ε2) and
the bosoni eld ontent. We make the usual assumption of a vauum bakground, that is,
there are no fermioni elds. This implies the vanishing of the bosoni variations, but of
ourse we still need the vanishing of the fermioni variations,
δ(ε1,ε2)ΨX = 0, δ(ε1,ε2)λ = 0. (9)
Both equations involve the dierentials of the Beld and the R-Rpotentials Cp. More
preisely, we have the elds
H = dB, F ev,od = e−B ∧ d(eB ∧Cod,ev) = dHCod,ev,
where we onsider the R-Rpotentials as an even or odd form in Ωev,od(N), following the
spirit of generalised geometry. This, of ourse, must not inrease the number of degrees of
freedom, as reeted by the antiselfduality ondition on the R-Relds F ev,od
F ev,od = − ⋆1,9 F̂ ev,od. (10)
Here, we take the Hodge star ⋆1,9 with respet to the Lorentzian spaetime metri g
1,9
.
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4.2 Supersymmetry variations
Next we disuss the preise shape of the fermioni variations (9) based upon the soalled
demorati formulation of Bergshoe et al. [1℄. With our onventions (in partiular, X ·X =
−g(X,X)1 for Cliord multipliation), these read as
δεΨX = ∇Xε+ 1
4
(XxH) · Pε − (−1)ev,od 1
16
eφ
∑
p=ev,od
F̂ p ·X · Ppε, (11)
δελ = dφ · ε+ 1
2
H · Pε+ 1
8
eφ
∑
p=ev,od
(5− p)F̂ p · Ppε,
where we rearranged the supersymmetry parameters ǫ1,2 in a 2omponent vetor ε =
(ε1, ε2)
⊤
. Further, we use the linear operators P,Pp given by
P =
(
1 0
0 −1
)
, Pp =
(
0 1
1 0
)
p ≡ 0, 1mod 4, Pp = (−1)p
(
0 −1
1 0
)
p ≡ 2, 3mod 4,
whih we onsider as elements of End(∆+ ⊕ ∆−) for type IIA and of End(∆+ ⊕ ∆+) for
type IIB.
Instead of onsidering the variations δεΨX = 0, δελ = 0, we will use the equivalent set of
onditions
δεΨX = 0, µ(δεΨ)− δελ = 0 (12)
with Cliord multipliation µ : Γ(TN ⊗ ∆) → Γ(∆). Thus, the seond equation beomes∑
skek · δεΨek + δελ = 0 in terms of some xed loal orthonormal basis e0, . . . , e9 with
sk = ||ek||, known as the modied dilatino equation [8℄. Using the standard identities X ·F p =
X ∧ F p −XxF p and F p ·X = (−1)p(X ∧ F p +XxF p), we obtain
µ(δεΨ)− δελ = Dε− dφ · ε+ 1
4
H · Pε. (13)
4.3 Compatiation
Compatiation is a method for onstruting spaetimes (N, g1,9) suh that equations (12)
hold. For this we take N to be a diret produt of the form (R1,3×Mn, g1,9−n0 × gn), where
g1,9−n0 is the at Minkowski metri on the external spae R
1,9−n
and g = gn some Riemannian
metri (to be determined later) on the ndimensional (ompat) orientable spin manifold
M , the internal spae. With the appropriate ansatz, the onditions for the spaetime to be
supersymmetri an be entirely phrased in terms of the internal geometry of M . We shall
disuss the ase of type IIB for n = 6 expliitly (f. also [8℄, [17℄).
The orthogonal deomposition of the tangent bundle gives rise to a fatorisation of the
orresponding Cliord algebra. More preisely, we have Cli(R1,9) ∼= Cli(R1,3)⊗̂Cli(R6),
where ⊗̂ denotes the indued Z2graded algebra struture dened on elements of pure degree
by a⊗̂b · a′⊗̂b′ = (−1)deg(b) deg(a′)a · a′⊗̂b · b′. The spin representation of Cli(R1,9) is thus
isomorphi with the tensor produt∆1,3⊗∆6, where∆1,3 and∆6 are the spin representations
of Cli(R1,3) and Cli(R6) respetively. Note that the volume forms vol1,3 and vol6 square
to −Id, while vol1,9 squares to Id. By our onventions ∆1,3± are the ±ieigenspaes of vol1,3
while ∆6± are the ∓ieigenspaes of vol6. Hene, we get the deomposition
∆1,9+ = ∆
1,3
+ ⊗∆6+ ⊕∆1,3− ⊗∆6−.
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In passing we remark that that Spin0(1, 3) ∼= SL(2,C), so we have, as for n = 6, a onjuga-
tion map A on the spae of spinors whih interhanges the hirality. For the supersymmetry
parameters we hoose then the simple splitting
ε1 = ζ+ ⊗ΨL +A(ζ+)⊗A(ΨL)
ε2 = ζ+ ⊗ΨR +A(ζ+)⊗A(ΨR) (14)
with external and internal unit spinor elds ζ+ ∈ Γ(R1,3,∆1,3+ ) and ΨL,R ∈ Γ(M,∆6+). The
former is taken to be parallel with respet to the anonial spin onnetion indued by the
LeviCivita onnetion, i.e. ∇g1,3ζ+ ≡ 0. This simple ansatz is not only for omputational
onveniene, it also makes sense from a physial point of view as we do not expet to observe
supersymmetry diretly. Instead, supersymmetry is supposed to be broken. Therefore, one
naturally starts from a minimal supersymmetri vauum bakground.
Next we turn to the bosoni eld ontent. We assume the dilaton and the Hux on N
to be internal, that is they are indued by φ ∈ C∞(M) and H ∈ Ω3(M). Together with
the spinor elds ΨL,R, we therefore get a generalised SU(3)struture for (M,H). For the
RamondRamond eld F ∈ Ωod(N) we introdue two internal elds Fa,b ∈ Ωod(M). We
ombine these to preserve 4dimensional Poinaré invariane, i.e.
F = vol1,3 ∧Fa + Fb. (15)
In this setting, the 10dimensional Hodge duality onstraint (10) yields on M
Fa = −G˜Fb (16)
whene F̂a = −G˜F̂b as follows from a diret omputation or by using Lemma 5.1 in the next
setion.
Now we an desribe the onditions for a supersymmetri type II bakground in terms of
the internal geometry of M . Let ∇g denote the LeviCivita onnetion of g as well as the
anonially indued spin onnetion. We dene the metri onnetions
∇±XY = ∇gXY ±
1
2
H(X,Y, ·),
whose lift to Γ(∆±) we keep on denoting by ∇±.
Proposition 4.1 (i) Any supersymmetri type IIB bakground ompatied to (M6, g) via
the ansatz (14) and (15) is equivalent to a generalised SU(3)struture (g, φ,ΨL,ΨR) on
(M,H) and an odd form Fb ∈ Ωod(M) satisfying the following onditions:
• the algebrai onstraint
Fb ·ΨL = 0, F̂b ·ΨR = 0. (17)
• for all X ∈ X(M), the internal gravitino equations
∇+XΨL = −18eφF̂b ·X ·ΨR
∇−XΨR = 18eφFb ·X ·ΨL.
(18)
• the internal dilatino equations
(D− dφ+ 1
4
H) ·ΨL = 0, (D− dφ− 1
4
H) ·ΨR = 0. (19)
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(ii) Any supersymmetri type IIA bakground ompatied to (M6, g) via the ansatz (14)
(with A(ΨR) instead of ΨR in the denition of ǫ2) and (15) is equivalent to a generalised
SU(3)struture (g, φ,ΨL,ΨR) on (M,H) and an even form Fb ∈ Ωev(M) satisfying the
algebrai onstraint (17), the internal dilatino equation (19) and for all X ∈ X(M) the
gravitino equation
∇+XΨL = 18eφFb ·X ·ΨR
∇−XΨR = 18eφF̂b ·X ·ΨL
Proof: (i) Fix oordinates xµ, µ = 0, . . . , 3 of R1,3 and xk, k = 4, . . . , 9 of M . We
start with the gravitino variation (11) and onsider the external variation δεΨ∂µ . Sine
ζ+ is parallel and H ∈ Ω3(M), we only need to take the R-R part into aount. Then, for
instane, we nd for the RamondRamond 7form term
F̂ 7 · δµ · P3ε = (vol1,3 ⊗̂F 3a ) · (∂µ⊗̂1) · P3ε
= −(vol1,3 ·∂µ⊗̂F 3a ) · P3ε
= (∂µ · vol1,3 ⊗̂F 3a )
(
ε2
−ε1
)
.
The remaining terms follow analogously. For ε1 we thus obtain
∂µ · ζ+ ⊗ (F 1b + F 3b + F 5b − iF 1a − iF 3a − iF 5a ) ·ΨL
+∂µ · A(ζ+)⊗ (F 1b + F 3b + F 5b + iF 1a + iF 3a + iF 5a ) · A(ΨL)
(16)
= ∂µ · ζ+ ⊗ (Fb + iG˜Fb) ·ΨL + ∂µ · A(ζ+)⊗ (Fb + iG˜Fb) · A(ΨL).
Proeeding in the same way with ε2, the vanishing of the supersymmetry variation δεΨµ = 0
implies the algebrai onstraints (17), for G˜Fb ·ΨL = −iFb ·ΨL. The onditions Fb ·A(ΨL) =
0, F̂b · A(ΨR) = 0 hold automatially by (4).
Next we investigate the gravitino variation δǫΨ∂k for internal oordinates. For the NS-NS
part (1⊗∇g∂k)ε+ 14(∂kxH) · Pε we nd(
ζ+ ⊗
(∇g∂k + 14(∂kxH)) ·ΨL +A(ζ+)⊗ (∇g∂k + 14(∂kxH)) · A(ΨL)
ζ+ ⊗
(∇g∂k − 14 (∂kxH)) ·ΨR +A(ζ+)⊗ (∇g∂k − 14(∂kxH)) · A(ΨR)
)
.
The R-Rpart an be dealt with in a similar fashion as before. We get
2
(
ζ+ ⊗ F̂b · ∂k ·ΨR +A(ζ+)⊗ F̂b · ∂k · A(ΨR)
−ζ+ ⊗ Fb · ∂k ·ΨL −A(ζ+)⊗ Fb · ∂k · A(ΨL)
)
.
Combining the NS-NS and R-Rpart, we nally derive the internal gravitino equation (18).
For the modied dilatino equation (13) we note that there is no external ontribution, for
the spinors elds ζ± are parallel and the Held and the dilaton φ are only dened on the
internal spae. Thus the modied dilatino variation boils down to (19).
(ii) Mutatis mutandis, the same proedure an be arried out for type IIA. 
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4.4 A nogo theorem
To illustrate the relevane of RamondRamond elds from a mathematial perspetive, we
investigate the internal gravitino and dilatino equation for the ase Fb = 0.
Example: In absene of any bosoni elds, the onditions (17), (18) and (19) redue to
∇gΨL,R ≡ 0. In partiular, the angle q(ΨL,ΨR) is onstant. As a result, we obtain a
straight generalised SU(m)struture whose holonomy is ontained in SU(3) and redues
even further to SU(2) unless ΨL = ±ΨR.
We are going to prove that Fb = 0 prevents the existene of a solution other than a straight
one provided M is ompat. In fat, the subsequent arguments apply to any ndimensional
manifold M with (H, g, φ,Ψ) suh that the spinor eld equations
∇+Ψ = ∇gXΨ+
1
4
(XxH) ·Ψ = 0, (dφ+ 1
2
H) ·Ψ = 0, (20)
hold. The key assumption here is that H is losed. Instanes other than the internal spaes
of the previous setion are strongly integrable generalised G2 or Spin(7)manifolds [21℄.
First we need a urvature result. Applying Corollary 5.2 of [4℄, the Rii endomorphism
Ric+ of ∇+ is (using ∇+X(H ·Ψ) = (∇+XH) ·Ψ et.)
Ric+(X) ·Ψ = (∇+XH) ·Ψ = −2(∇+Xdφ) ·Ψ,
whene Ric+(X) = −2∇+Xdφ.
Lemma 4.2 The salar urvature of ∇+ is S+ = 2∆gφ, where ∆g is the Riemannian
Laplaian on funtions.
Proof: Piking a frame with ∇eiej = 0 at a xed point, we obtain
Ric+(ej , ek) = −2g(∇+ejdφ, ek)
= −2ej .g(dφ, ek) + g(dφ,∇+ejek)
= −2ej .ek.φ+ (ekxejxH).φ/2.
The rst summand is minus twie Hφ, the Hessian of φ evaluated in the basis {ek}. Hene
Ric+(X,Y ) = −2Hφ(X,Y )−XxY xH/2, so that S+ = 2∆gφ. 
Proposition 4.3 For a spinor eld Ψ ∈ Γ(∆) satisfying (20), it follows S+ = −3‖H‖2. In
partiular, φ = 0 if and only if H = 0. Furthermore, if M is ompat, then H = 0.
Proof: Let D+ denote the Dira operator assoiated with ∇+, i.e. loally D+Ψ =∑ ek ·
∇+ekΨ. By Theorem 3.3 in [4℄,
D+(H ·Ψ) = (d∗H · −2σH · −2∑(ekxH) · ∇+ek)Ψ,
where 2σH =
∑
(ekxH) ∧ (ekxH). Now
−2
∑
(ekxH) · ∇+ek ·Ψ =
1
2
∑
(ekxH) · (ekxH) ·Ψ
= (
3
2
‖H‖2 +σH + α) ·Ψ
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for some further 2form α. On the other hand side, using the proof of the previous lemma,
D+(H ·Ψ) = −2
∑
ek · (∇+ekdφ) ·Ψ
= −2
∑
(ek ∧ ∇+ekdφ− ekx∇+ekdφ) ·Ψ
= (α′ − 2∆gφ) ·Ψ,
for some 2form α′. Hene ontrating with q(Ψ, ·) yields
q
(
Ψ,−2(∆gφ) ·Ψ) = q(Ψ, (3
2
‖H‖2 −σH) ·Ψ)(
q(αp ·Ψ,Ψ) is purely imaginary for p ≡ 2(4) and real for p ≡ 0(4)). As q(Ψ, 2σH ·Ψ) = S+
by Corollary 3.2 in [4℄, the previous lemma implies 3 ‖H‖2= −S+. Hene, if M is ompat,
H = 0, as follows from integration of ‖H‖2. 
Remark: There are ompat examples of generalised G2 and Spin(7)strutures satisfy-
ing (20) for H, dH 6= 0 [21℄.
5 Variational priniples and integrability
5.1 Generalised Hodge theory
Let (Mn, ν,H, g) be a losed oriented generalised Riemannian manifold. Integration of Q±
(f. Setion 2) with respet to the volume form ̟ν dual to ν yields an inner produt on
Γ(S±) given by
(σ, τ) =
1
2
∫
M
Q±(σ, τ)̟ν = 1
2
∫
M
[⋆σν ∧ τν ]n.
As we have remarked above, the omplex dν : Γ(S± → Γ(S∓) is ellipti so that Hodge theory
applies. Using the straightforward
Lemma 5.1 For a dierential pform α and a vetor eld X (respetively its dual), we have
the identities
⋆ α̂ = (−1)[n2 ]−np̂˜⋆α = { (−1)m+p⋆̂α, n = 2m
(−1)m+1⋆̂α, n = 2m+ 1, ⋆(X ∧ α) = Xx⋆α˜, d̂α = −d
̂˜α.
one immediately shows that the formal adjoint d∗ν of dν is
d∗ν = (−1)[
n
2
]+nG˜dν G˜.
Remark: In partiular, d∗H = G˜dH G˜ is the formal adjoint of dH with respet to the standard
L2inner produt on forms. In absene of H this gives the usual formal adjoint d∗ =
(−1)np+n+1⋆ d ⋆ for forms of pure degree p.
Hene, any ohomology lass in H±(E) has a unique harmoni representative τ ∈ Γ(S±), i.e.
dντ = 0, dν G˜τ = 0. In analogy to lassial Hodge theory, these harmoni spinor elds an
be thought of as ritial points of the funtional Q(τ) = (τ, τ) restrited to a ohomology
lass.
In order to inorporate a RamondRamond eld, we assoiate with γ ∈ Γ(S±) the funtional
τ ∈ Γ(S±) 7→ Cγ(τ) = (G˜γ, τ). Restrited to the ohomology lass of τ , the rst variation
of Q at τ is δQ(τ˙ ) = (τ, τ˙ ), where τ˙ = dνσ is a spinor tangent to [τ ]. On the other hand,
δC(τ˙ ) = (G˜γ, τ˙ ) so that introduing a Lagrange multiplier yields
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Proposition 5.2 A dνlosed hiral Espinor eld τ is a ritial point in its ohomology
lass for Q subjet to Cγ(τ) = const if and only if dν G˜τ = λdνγ, λ ∈ R.
The variational priniple we have disussed so far presupposes the hoie of a generalised
metri. For n = 6, the ase relevant for physis, there exists an intrinsi variational problem
for generalised CalabiYau strutures relying on Hithin's notion of stability [11℄. Reall
that suh a struture is speied by a pure omplex spinor eld ρ = τ + iτ † ∈ Γ(S±⊗C) (f.
Setion 3.2) with 〈ρ, ρ〉 6= 0. The real part of ρ is a setion of the bre bundle assoiated
with the open orbit R>0 × Spin(6, 6)+/SU(3, 3). Consequently, the set U of real spinor
elds τ dening a generalised CalabiYau struture is an open submanifold of Γ(S± ⊗ C).
Following Hithin's language suh spinor elds are alled stable. A stable τ ∈ U determines
τ † ∈ U in a nonlinear fashion. Note that τ †† = −τ . For instane, if ρ happens to be
the omponent of a generalised SU(3)struture, then τ † = G˜τ , where G˜ is indued by the
underlying generalised SU(3)struture). We dene a funtional V : U → R by
V(τ) =
∫
M
〈τ †, τ〉̟ν = 1
2i
∫
M
〈ρ, ρ〉̟ν .
Sine stability is an open ondition, we an dierentiate this funtional and ask for a ritial
points in a given a ohomology lass. In [11℄, Hithin shows that (δV )τ (τ˙ ) =
∫
M 〈τ †, τ˙ 〉,
so that a dνlosed spinor eld τ is a ritial point in its ohomology lass if and only
if dντ
† = 0. In partiular, we obtain dνρ = 0, whih Hithin adopts as an integrability
ondition for generalised CalabiYau strutures. If a generalised SU(3)struture (ρ0, ρ1)
onsists of two suh integrable CalabiYau strutures, then dρ0,1 = 0, so that τ0,1 is harmoni
with respet to the indued generalised metri.
Again we an onstrain the variational priniple. For γ ∈ Γ(S±) we dene the funtional
Cγ(τ) = 〈γ, τ〉 on Γ(S±). As above, we dedue the
Proposition 5.3 A losed hiral spinor eld τ ∈ Γ(S±) is a ritial point in its ohomology
lass for V subjet to Cγ(τ) = const if and only if dντ
† = λdνγ, λ ∈ R.
Example: Consider a straight generalised SU(3)struture given by ρ0 = e
−iω = 1− iω −
ω2/2 + iω3/6 and ρ1 = Ω = ψ+ + iψ− as in the example of Setion 3.3. Then both ρ0 and
ρ1 are indued by an unonstrained ritial point of V if and only if dω = 0, dψ± = 0.
Equivalently, the holonomy of g is ontained in SU(3) (f. for instane [10℄). Further, if
dω 6= 0, τ0 = 1 − ω2/2 denes a onstrained ritial point for any onstant multiple of
γ = ω+ dα1 provided dω ∧ω = 0. Similarly, if dψ∓ 6= 0, then τ1 = ψ± denes a onstrained
ritial point for any onstant multiple of γ = ψ∓ + dα
2
provided dψ± = 0. We ome bak
to this example in the next setion.
5.2 Spinor eld equations
In the light of the onstrained variational priniple, we onsider a generalised SU(m)
struture (ρ0, ρ1) on (M,H) (M not neessarily ompat) satisfying dνρ0,1 = ϕ0,1 for (not
neessarily exat) omplexvalued spinor elds ϕ0,1. We an rephrase this ondition in
terms of the orresponding data (g, φ,ΨL,ΨR) (as before, we modify H by the global B
eld oming from the generalised SU(m)struture if neessary). Let F0,1 = ϕ
ν
0,1, then
dHe
−φ[A(ΨL)⊗ΨR] = F0, dHe−φ[ΨL ⊗ΨR] = F1. (21)
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Before we try to reformulate these equations in terms of spinor eld equations on ΨL,R,
we put an additional ondition on the forms F0,1 whih for n = 6 will reprodue the on-
straint (17). To this end, assumem ≥ 3 and let λk = ΛkCm be the kth exterior power of the
vetor representation Cm of SU(m). Then λm ∼= C and λm−k ∼= (λm−k)∗ ∼= λk . Further, we
have an orthogonal deomposition into SU(m)representation spaes ∆+ = λ
m⊕λm−2⊕ . . .
and ∆− = λ
m−1 ⊕ λm−3 ⊕ . . . (f. for instane [19℄). Shematially
m even: ∆+ = C⊕W ⊕C, ∆− = Cm ⊕ W˜ ⊕ Cm,
m odd: ∆+ = C⊕ V ⊕ Cm, ∆− = Cm ⊕ V ⊕ C,
where V , W and W˜ are (not neessarily irreduible) SU(m)modules.
Example: For m = 3 we nd V = {0}, while for m = 4, W = λ2 and W˜ = {0}.
The SU(m)invariant spinors spanning the trivial representations are Ψ and A(Ψ). As
noted in Setion 3, Ψ
(
and thus A(Ψ)) are pure. The indued omplex struture J satises
X ·Ψ = iJX ·Ψ, (22)
X ∈ R2m. Taking SU(m) = SU(m)L with invariant spinors ΨL and A(ΨL), an orthonormal
basis of Cm (resp. Cm) is given by zL,k · A(ΨL) (resp. zL,k ·ΨL) for a unitary basis zL,k =
(ek − iJLek)/2 of Cm. Replaing ΨL by ΨR and JL by JR gives the deomposition as an
SU(m)Rmodule. Further,
Λev = ∆+ ⊗∆+ ⊕∆− ⊗∆−, Λod = ∆+ ⊗∆− ⊕∆− ⊗∆+ for m even
Λev = ∆+ ⊗∆− ⊕∆− ⊗∆+, Λod = ∆+ ⊗∆+ ⊕∆− ⊗∆− for m odd.
In the sequel, given SU(m)L × SU(m)R ∼= SU(m)× SU(m), we regard the left resp. right
hand side fators of ∆⊗∆ as an SU(m)L resp. SU(m)Rmodule. We shall write CmL , CmR
et. aordingly. In partiular, all these deompositions aquire global meaning for (M,H)
endowed with a generalised SU(m)struture.
Denition 5.4 Consider a generalised SU(m)struture given by (g, φ,ΨL,ΨR).
(i) Let m be even. An odd form F ∈ Ωod(M)⊗C will be alled a RamondRamond eld for
the generalised SU(m)struture if pointwise
F ∈ W˜L ⊗ CmR ⊕ CmL ⊗WR ⊂ ∆+ ⊗∆− ⊕∆− ⊗∆+. (23)
(ii) Let m be odd. An odd form F ∈ Ωod(M)⊗C will be alled a RamondRamond eld for
the generalised SU(m)struture if pointwise
F ∈ CmL ⊗
(
CmR ⊕ VR
)⊕ (CmL ⊕ VL)⊗ CmR ⊂ ∆+ ⊗∆+ ⊕∆− ⊗∆−. (24)
Similarly, an even omplex form F ∈ Ωev(M)⊗C will be a RamondRamond eld if pointwise
F ∈ (CmL ⊕ VL)⊗ CmR ⊕ CmL ⊗ (CmR ⊕ VR) ⊂ ∆+ ⊗∆− ⊕∆− ⊗∆+.
The following proposition justies our jargon.
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Proposition 5.5 For any RamondRamond eld assoiated with a generalised SU(m)
struture (ρ0, ρ1) ∼= (g, φ,ΨR,ΨL) on (M,H) we have
F̂ ·ΨL = 0, F̂ · A(ΨL) = 0, F ·ΨR = 0, F · A(ΨR) = 0. (25)
Equivalently,
F̂± • ρ0,1 = 0,
where F± denotes the image of F under the extension of X ∈ TM 7→ X± ∈ V± (f.
Setion 2.3). Furthermore, the onverse is true for m = 3.
Proof: First, we need a tehnial lemma.
Lemma 5.6 Let d = dimC∆ = 2
m
and Ψ, Φ, ξ ∈ ∆. Then
1
d
̂[Ψ⊗ Φ] · ξ = q(A(Ψ), ξ)Φ. (26)
and
̂[Φ⊗Ψ] =
{
m even: m̂ ˜[Ψ⊗ Φ]
m odd: m̂[Ψ⊗ Φ]
. (27)
Proof: The trae operator Tr(A∗B)/d denes a positivedenite hermitian inner produt
on End(∆). If {eK = ek1 · . . . · ekr} is an orthonormal basis for Cli(W, g) and thus for
Cli(WC, gC), then so is {κ(eK)} for (End(∆),Tr/d). First we note that κ(a)∗ = κ(â) and
gC(a, b) = [â · b]0, that is, gC(a, b) equals the zero degree omponent of â · b. Let c suh that
gC(c, a) = Tr
(
κ(a)
)
. Then c belongs to the entre of Cli(WC, gC) (for gC(a · b, c) = gC(b, â ·
c) = gC(a, c · b̂)), whene c = d. In partiular, Tr(κ(eK)∗κ(eL))/d = gC(1, êK · eL) = δKL.
Next let {ξk} be an orthonormal basis of ∆. Dene Ψ ⊙ Φ : ∆ → ∆ by Ψ ⊙ Φ(ξ) =
q(A(Ψ), ξ)Φ. Then
Ψ⊙ Φ = 1
d
∑
K
Tr
(
κ(eK)
∗ ◦Ψ⊙ Φ)κ(eK)
=
1
d
∑
K,k
q
(A(Ψ), ξk)q(eK · ξk,Φ)κ(eK)
=
1
d
∑
K
q
(A(Ψ), eK · Φ)κ(êK)
=
1
d
̂[Ψ⊗ Φ],
whih proves (26). Further, (27) is a straightforward onsequene of q
(A(Ψ),A(Φ)) =
q(Ψ,Φ). 
Corollary 5.7 (i) Contration of Ψ⊗ Φ with q(ξ, ·) ⊗ Id yields
q(ξ,Ψ)Φ = q
(A(Ψ),A(ξ))Φ = 1
2m
̂[Ψ⊗ Φ] · A(ξ).
(ii) Contration of Ψ⊗ Φ with Id⊗ q(ξ, ·) yields
q(ξ,Φ)Ψ =
1
2m
̂[Φ⊗Ψ] · A(ξ) =
{
m even: 12m m̂
˜[Ψ⊗ Φ] · A(ξ)
m odd: 12m m̂[Ψ⊗ Φ] · A(ξ)
.
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To be onrete take m to be odd and F ∈ Ωod(M). Contration of F with Id⊗ q(ΨR, ·) kills
o all omponents sine the right hand side fators are orthogonal to ΨR. By the previous
orollary, the ontration is equal to F · A(ΨR) up to some onstant and therefore vanishes.
The remaining ases follow similarly. Further, this is equivalent to F± • ρ0,1 = 0 by (5).
To show the onverse for m = 3, note that ontration of F with Id ⊗ q(ΨR, ·) kills o all
omponents of F exept the ones in CL ⊗ CR and C3L ⊗ CR whih get mapped to CL and
C3L. Hene F · A(ΨR) = 0 fores these omponents to vanish. The other ases follow in the
same fashion. 
Remark: In the light of this proposition, the integrability ondition (21) with Ramond
Ramond elds F0 and F1 is opposite to the one dening soalled weakly integrable gener-
alised G2strutures [21℄, where F is only allowed to have omponents in the trivial repre-
sentations spanned by ΨL ⊗ΨR et..
We now state our entral result. Consider the twisted Dira operators on Γ(∆ ⊗∆) given
by
D(Ψ1 ⊗Ψ2) =
∑
ek · ∇gekΨ1 ⊗Ψ2 + ek ·Ψ1 ⊗∇gekΨ2
= DΨ1 ⊗Ψ2 +
∑
ek ·Ψ1 ⊗∇gekΨ2,
D˜(Ψ1 ⊗Ψ2) =
∑
∇gekΨ1 ⊗ ek ·Ψ2 +Ψ1 ⊗ ek · ∇gekΨ2
=
∑
∇gekΨ1 ⊗ ek ·Ψ2 +Ψ1 ⊗DΨ2.
for any loal orthonormal basis e1, . . . , e2m. As above, D : Γ(∆±) → Γ(∆∓) is the natural
Dira operator assoiated with the spin struture.
Theorem 5.8 Let (g, φ, ΨL, ΨR) be a generalised SU(m)struture with RamondRamond
elds F0 and F1. Then
dHe
−φ[A(ΨL)⊗ΨR] = F0, dHe−φ[ΨL ⊗ΨR] = F1
holds if and only if the gravitino equations
∇+XΨL =
1
2m
eφ
(
m̂F0 ·X ·ΨR +m∨F1 ·X · A(ΨR)
)
∇−XΨR = −
1
2m
eφ
(
m̂F̂0 ·X ·ΨL + F̂1 ·X · A(ΨL)
)
and the dilatino equations
(D− dφ± 1
4
H
) ·ΨL,R = 0
hold for all X ∈ X(M).
Corollary 5.9 A generalised SU(m)struture (ρ0, ρ1) on (M,ν,H) together with a dH
exat RamondRamond eld Fb
(i) gives rise to a supersymmetri type IIB bakground ompatied to M via the ansatz (14)
and (15) if and only if ρ0/ρ1 is a onstrained/unonstrained ritial point, i.e. dρ0 = −F̂b
or dρ0 = iF̂b and dρ1 = 0.
(ii) gives rise to a supersymmetri type IIA bakground ompatied to M via the ansatz (14)
and (15) if and only if ρ0/ρ1 is an unonstrained/onstrained ritial point, i.e. dρ0 = 0 and
dρ1 = −Fb or dρ1 = iFb.
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Proof: Let us assume that the generalised SU(m)struture is integrable. Then
d[A(ΨL)⊗ΨR] = eφF0 − (α+H) ∧ [A(ΨL)⊗ΨR]
d[ΨL ⊗ΨR] = eφF1 − (α+H) ∧ [ΨL ⊗ΨR],
where we put α = −dφ. We note that F˜0 = −F0 and F˜1 = (−1)m+1F1. By (6), G˜[ΨL⊗ΨR] =
m∨im[ΨL ⊗ΨR], whene
d ⋆ ̂[ΨL ⊗ΨR] = m∨im
(
eφF1 − (α+H) ∧ [ΨL ⊗ΨR]
)
and similarly for [A(ΨL)⊗ΨR]. By Lemma 5.1, it follows
d∗[A(ΨL)⊗ΨR] = m̂imeφG˜F0 + (α +H)x[A(ΨL)⊗ΨR],
d∗[ΨL ⊗ΨR] = m̂imeφG˜F1 + (α +H)x[ΨL ⊗ΨR].
Next we need a tehnial lemma taken from [20℄ Corollary 1.25.
Lemma 5.10 Let α be a 1form. Its metri dual will be also denoted by α. Then
α ∧ [Ψ1 ⊗Ψ2] = 1
2
(
(−1)m[α ·Ψ1 ⊗Ψ2]− ˜[Ψ1 ⊗ α ·Ψ2]
)
,
αx[Ψ1 ⊗Ψ2] = 1
2
(− (−1)m[α ·Ψ1 ⊗Ψ2]− ˜[Ψ1 ⊗ α ·Ψ2]).
For H ∈ Ω3(M) it follows
H ∧ [Ψ1 ⊗Ψ2] = (−1)
m
8
[
H ·Ψ1 ⊗Ψ2 −
∑
k
ek ·Ψ1 ⊗ (ekxH) ·Ψ2
]
+
1
8
[
Ψ1 ⊗H ·Ψ2 −
∑
k
(ekxH) ·Ψ1 ⊗ ek ·Ψ2
]∼
,
Hx[Ψ1 ⊗Ψ2] = (−1)
m
8
[−H ·Ψ1 ⊗Ψ2 +∑
k
ek ·Ψ1 ⊗ (ekxH) ·Ψ2
]
+
1
8
[
Ψ1 ⊗H ·Ψ2 −
∑
k
(ekxH) ·Ψ1 ⊗ ek ·Ψ2
]∼
.
Sine ∇ and [· , ·] ommute (for ∇ is metri), d =∑ ek ∧ ∇ek and d∗ = −∑ ekx∇ek imply[D(Ψ1 ⊗Ψ2)] = (−1)m(d∗[Ψ1 ⊗Ψ2] + d[Ψ1 ⊗Ψ2])[D˜(Ψ1 ⊗Ψ2)] = (d∗[Ψ1 ⊗Ψ2]− d[Ψ1 ⊗Ψ2])∼. (28)
As a result,[D(A(ΨL)⊗ΨR)] = (−1)meφ(F0 + m̂imG˜F0)
+(−1)m((α+H)x−(α +H) ∧ )[A(ΨL)⊗ΨR][D(ΨL ⊗ΨR)] = (−1)meφ(F1 + m̂imG˜F1)
+(−1)m((α+H)x−(α +H) ∧ )[ΨL ⊗ΨR][D˜(A(ΨL)⊗ΨR)] = eφ(F0 − m̂imG˜F0)
−((α+H)x+(α+H) ∧ )[A(ΨL)⊗ΨR][D˜(ΨL ⊗ΨR)] = (−1)meφ(F1 − m̂imG˜F1)
−(−1)m((α+H)x+(α +H) ∧ )[ΨL ⊗ΨR]. (29)
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Using again the lemma to ompute the ation of α+H on [ΨL⊗ΨR] the two rst equations
of (29) beome
DA(ΨL)⊗ΨR +
∑
ek · A(ΨL)⊗∇ekΨR = (−1)meφ
[
F0 + m̂i
mG˜F0
]−1
(30)
+
∑
ek · A(ΨL)⊗ (ekxH
4
) ·ΨR
−α · A(ΨL)⊗ΨR − H
4
· A(ΨL)⊗ΨR,
DΨL ⊗ΨR +
∑
ek ·ΨL ⊗∇ekΨR = (−1)meφ
[
F1 + m̂i
mG˜F1
]−1 − H
4
·ΨL ⊗ΨR
+
∑
ek ·ΨL ⊗ (ekxH
4
) ·ΨR − α ·ΨL ⊗ΨR.
Next we ontrat the rst and the seond equation of (30) with q(ej · A(ΨL), ·) ⊗ Id and
q(ej ·ΨL, ·)⊗ Id respetively. Using Lemma 5.7 and the identitieŝ˜GF0 = (−1)m+1G˜F̂0, ̂˜GF1 = −G˜F̂1,
we obtain∑
k
q
(
ej · A(ΨL), ek · A(ΨL)
)∇−ekΨR = −q(ej · A(ΨL),DA(ΨL) + α · A(ΨL) +
+
1
4
H · A(ΨL)
)
ΨR − m̂
2m−1
eφF̂0 · ej ·ΨL, (31)∑
k
q
(
ej ·ΨL, ek ·ΨL
)∇−ekΨR = −q(ej ·ΨL,DΨL + α ·ΨL + 14H ·ΨL)ΨR
− 1
2m−1
eφF̂1 · ej · A(ΨL). (32)
Adding (31) and (32) yields
∇−ejΨR = −
1
2m
eφ
(
m̂F̂0 ·ej ·ΨL+ F̂1 ·ej ·A(ΨL)
)−Re q(ej ·ΨL,DΨL+α ·ΨL+ 1
4
H ·ΨL
)
ΨR,
for the real part of q(ej · ΨL, ek · ΨL) vanishes unless j = k when it equals 1. We ontrat
one more with q(ΨR, ·) to see that Re q(ej ·ΨL, . . .) = 0 as the remaining terms are purely
imaginary or vanish for F0,1 is RamondRamond. Hene
∇−XΨR = −
1
2m
eφ
(
m̂F̂0 ·X ·ΨL + F̂1 ·X · A(ΨL)
)
for all X ∈ X(M). Using the seond set of equations in (29) gives similarly
∇+XΨL =
1
2m
eφ
(
m̂F0 ·X ·ΨR +m∨F1 ·X · A(ΨR)
)
.
For the dilatino equations, ontrating the seond equation in (30) with Id⊗q(ΨR, ·) implies
DΨL + q(ΨR,∇−ekΨR)ek ·ΨL = −
m̂
2m−1
eφF1 · A(ΨR)− 1
4
H ·ΨL − α ·ΨL.
Contrating the rst equation yields (note that DA = (−1)m+1AD et.)
DΨL + q(ΨR,∇−ekΨR)ek ·ΨL = −
m̂
2m−1
eφF0 ·ΨR − 1
4
H ·ΨL − α ·ΨL.
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Adding both equations and using that F0,1 are RamondRamond elds obtains DΨL+H/4 ·
ΨL + α ·ΨL = 0. In the same way one proves the dilatino equation for ΨR.
Let us briey sketh the onverse. By (28), we have d[ΨL ⊗ ΨR] = −[D(ΨL ⊗ ΨR) +
D˜(ΨL ⊗ ΨR)]/2. If F0,1 = 0, plugging in the dilatino and the gravitino equation implies in
onjuntion with Lemma 5.10 that d[ΨL ⊗ ΨR] = (dφ −H) ∧ [ΨL ⊗ ΨR], and similarly for
[A(ΨL)⊗ΨR]. In presene of RamondRamond elds, we get additional terms involving F0
and F1. For sake of onreteness, let us assume m to be odd and onsider F1. We deompose
F1 = F1,+− ⊕ F1,−+ with F1,ab ∈ ∆+ ⊗∆− and write loally
F1 = F1,+− ⊕ F1,−+
=
m∑
j,l=1
ajlϕj ⊗A(ψl) +
m∑
l=1
∑
r
brlvL,r ⊗A(ψl) +
m∑
j,l=1
a˜jlA(ϕj)⊗ ψl +
m∑
j=1
∑
r
b˜jrA(ϕj)⊗ vR,r
)
,
where (
ϕj = zL,j · A(ΨL), vL,r
)
and
(
ψj = zR,j · A(ΨR), vR,l
)
are orthonormal bases for CmL ⊕ VL and CmR ⊕ VR respetively. By (26),
1
2m
2m∑
k=1
F̂1 · ek · A(ΨL) =
2m∑
k=1
m∑
j,l=1
a˜jlq
(
zL,j · A(ΨL), ek · A(ΨL)
)
ψl +
2m∑
k=1
m∑
j=1
∑
r
b˜jrq
(
zL,j · A(ΨL), ek · A(ΨL)
)
vR,r.
Using (22) nally gives
1
2m+1
2m∑
k=1
ek ·ΨL ⊗ F̂1 · ek · A(ΨL) =
m∑
k, j, l=1
a˜jlA(ϕk)⊗ q
(
zL,j · A(ΨL), zL,k · A(ΨL)
)
ψl +∑
k, j, r
b˜jrA(ϕk)⊗ q
(
zL,j · A(ΨL), zL,k · A(ΨL)
)
vR,r
= F1,−+.
Proeeding similarly with the terms involving F0 onludes the proof. 
Remark: As the proof shows, the impliation ⇒ is valid for any F0,1 satisfying (25).
Further, the Tduality mehanism as disussed in [6℄ preserves the ondition (25) by equiv-
ariane. Sine it also preserves dνexatness, one an Tdualise an internal spae of type
IIB spae into one of type IIA and vie versa, in agreement with physial expetations.
Example: We ontinue the last example of the previous setion with ρ0 = e
−iω
and ρ1 =
ψ++iψ−. Critial points as in (i) are obtained for F0 = dω provided dψ± = 0 and dω∧ω = 0.
It remains to see under whih onditions F0 ·Ψ = 0 hold, that is, F0 is a RamondRamond
eld. A routine appliation of Shur's lemma implies F0 ∈ JΛ2,10 K, following the notation
of [3℄  this automatially implies dω∧ω = 0, f. [3℄. Still following the same paper, we refer
to suh an SU(3)struture as being of type W3. Similarly, F1 = dψ± denes ritial points
as in (ii) provided dω = 0 and dψ∓ = 0. Moreover, F1 is RamondRamond if and only if
F1 ∈ JΛ1,10 K, that is, M is either of type W+2 or W−2 . Expliit examples hereof an be found
in [3℄.
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